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Introduction 
The problem of constructing adaptive control systems that can function under 

conditions of uncertainty is one of the most important sections of the Cybernetics 
and informatics. The analysis shows that the most recent publications in the field 
of the theory of adaptive management obtained significant results. In addition to 
traditional approaches, theory of artificial intelligence begins to increasingly apply 
to intellectualization of Automatic Control System (ACS). For example, in [1-4,9] 
some methods the introduction of elements of artificial intelligence in Adaptive 
ACS. However, the application of these techniques in the management of complex 
tasks of nonlinear dynamic objects is encountering significant difficulties. 

The purpose of this article is to develop an analytical method to design 
adaptive systems of control of complex dynamic objects with non-linear levels 
based on a neural network. The control system provides for their quality 
requirements (limit on the duration of the transition process, the stroke, the amount 
of error management, etc.). In addition, the method should be able to solve the 
problem of synthesis of regulators to control objects, mathematical description 
which is inaccurate. The regulator should function well with internal and external 
random perturbations. 

Modern methods to synthesize the optimal regulators to meet some criteria of 
quality, only for objects of known mathematical description and parameters do not 
change during the operation of the system. It should be noted that in many cases 
the implementation of Control rules has encountered some difficulties associated 
with the need to solve the partial differential equation. And in some cases, when in 
the Office, there are links to non-linear static characteristic, with a gap of the first 
kind, the control signal is generally not possible to calculate. 

For variable control objects in the operation parameters and uncertainty in the 
description of adaptive control systems are being developed. However, the analysis 
of the principles of traditional Adaptive ACS identifies a number of challenges that 
greatly complicate the task of synthesis of such a system. The identification of 
objects under control block complicates the ACS. Error of identity degrades the 
quality of governance, and in some cases leads to unstable operation of the ACS. 
Legislation adapting the settings of existing methods can be obtained only in 
particular cases, i.e. there is no universal method of synthesis of adaptation of 
laws.  

1. The proposed methodology of adaptive control systems 
To outlining the basic ideas of the approach, consider the mathematical 

description of dynamic object, which is represented as: 



Vol. 3, No. 1, 2014 

 

4 

( ) mjnijbuxifix ,1;,1, ==+=
•

,  (1)  
where ix - status variable; b  – constant coefficient; if  – non-linear functions; ju  – 
control signals. Consider a system with scalar control. The problem of synthesis of 
Adaptive controller is solved in two stages.  

Stage 1. For the object (1) you want to define a law office that provides the 
following: 

а) asymptotic stability of the closed-loop system; 

b) minimization of a functional quality as: ( ) ( )∫
∞

Ψ+Ψ=












 •

0
22 dtxxJ , where Ψ  - 

is an arbitrary differentiable or piecewise continuous function of coordinates and 
( ) 00 =Ψ .  

Due to the fact that there are no restrictions functionsΨ, a family of resilient 
extremals must satisfy the Euler equation: 

0=Ψ+Ψ
•

.  (2)  
 The total derivative Ψ  has the form: 

∑
=

Ψ∂=Ψ •n

k
kx

kdxdt
d

1
.  

Put in place 
•

kx  right part of the original system of differential equations (1) 
object, we then get: 

u
ndx

dn

k
kf

kdx
d

dt
d Ψ+∑

=

Ψ=Ψ

1
.  (3)  

From equation (2) in view of the expression (3) because the original equations 
object (1) we get the following equation:  

0
1

=Ψ+∑
=

Ψ+Ψ n

k
kf

kdx
du

ndx
d .  (4)  

Equation (4) to determine the control signal u  when the conditions 0≠Ψ

ndx
d  in 

the form of: 
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Ψ
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Ψ−=
n

k
kf

kdx
d

ndx
du

1

1
,  (5)  

which provides translation of a point ix  in space the system state from a random 
initial state 0=Ψ  in the area of diversity. Law Office (5) holds the top spot in this 
neighborhood for its eventual move along 0=Ψ . This movement will be described 
by differential equations of dimension 1−n . 

( ) .1,...,2,1,1,...,2,1 −=Ψ−ΨΨ=
Ψ 






•

ninxxxifix   (6)  

Consequently, to ensure the conditions of asymptotic stability of closed-loop 
system, you must select the function Ψ  so that the solution of differential equa-
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tions (6), describing the motion of a point along a diversity 0=Ψ  to the origin was 
sustainable. Note that the quality of governance is relevant given manifolds.  

Stage 2. In the absence of adequate information about the features 
i

f  and rate 

b  control law implemented in the form of (5) is not possible. In this case, a 
possible solution could be the use of Adaptive regulator. As mentioned above, the 
output of the neural network has a good approximates the property. This suggests 
that the use of a neural network is able to give a good result. Nejroregulâtor 
generates the control effect in the following form: 

∑
=

∏
=

∑
=

∏
=

= L

j

n

i ixj
iA

L

j

n

i ixj
iA

j

u

1
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1
)((

1
)

1
)((

µ

µλ

,  (7)  

where j
λ - the numerical value of the control signal, which 1)( =

j
jB

λµ . Enter the 

symbol vector functions 
 TL xxxx ))(),...,(),(()( 21 ζζζζ = ,  (8) 

where )(xjζ  has the form: 

∑
=

∏
=

∏
=

= L
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n

i ixj
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1
)

1
)((

1
)(

)(
µ

µ

ζ .  (9)  

Then the expression (7) in view of (9) can be: 
( )xTu ζλ= .  (10)  

Although according to (10) control signal is defined as a function of the state 
variables, in some cases, where there is no possibility to measure all the state 
variables, it can be determined depending on the vector of errors.  

 2. The definition of adaptation options neural regulators 
When solving the task of synthesis of value jλ  unknown. Put the task of 

determining the values of the coefficients of the terms sustainability control 
system. The goal of simplifying mathematical notation consider the system of 
second order: 

( )

( )








+=

=
•

•

,22

11
uxfx

xfx
  (11)  

where 2,1, =iif  - non-linear function; [ ]Txxx 21,= - state vector; 1xy = - output 
signal. Assuming that not all of the coordinates of the vector status can be meas-
ured. In this case, implement the Control Law through the vector of state variables 
is not possible. This problem can be solved by the process control through the vec-
tor of errors.  

To determine the law office of select function Ψ as: ( ) 2211 eee αα +=Ψ , where 
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[ ]Teee 21,= - the vector of errors; 111 xзxymye −=−= - error management; 12
•

= ee  - 
the rate of change of the error; 21,αα  - constants. We define the derivative function 
Ψ of coordinates of the state vector: 

1
1
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2
1
1

1
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e
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∂
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Control Act (5) subject to (11), (12) and (13) takes the form: 
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Show that the Control Law (14) provides zero error management. To do this 
we will write the system of equations (11) taking into account the expression (14) 
in the form of: 

( ) 12
111

2
1

22
1

11
1

1
•••••
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+
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= xxmyTxx
f

xx
f

x
α
α

α
α

,  

or: 

( ) 01
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12
111 =−+++
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α
α

α
α

.  (15) 

We introduce the following notation: 

2
11

0;
2
111;11 α

α
α
α

Taaxзxz =+=−= .  

Taking into account the input of symbols you can rewrite equation (15) in the 
following form: 

001 =++
•••

zazaz .  (16)  
Solution of differential equations (16) has the form: 

( ) .042
112

1exp2042
112

1exp1 






































−+−+−−−= taaaCtaaaCtz   (17) 

From (17) shows that: 0limlimlim 111 ==−=
∞→∞→∞→

zxxe
t

з

tt
. 

To determine the law of adaptation of the present system of equations (11) in 
the form of: 

( )

( )








∧
−

∧
++=
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•

•

uuuxfx

xfx

22

11   (18)  

The system of equations (18) in view of the expression (14) и ( )e
T

u ζλ 





=

∧ *  

you can record: 
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Select the function Lyapunov exponents in the form: 
θθ

γ
TV

2
12

2
1 +Ψ= ,  

where *λλθ −= ; γ - positive coefficient. Complete the Lyapunov function is a 
derivative: 

( )
















∂

∂
Ψ−+Ψ−=+ΨΨ=

•••

e
x

fT
T

TV ζαλ
γ

θθθ
γ

2

1
2

1211 .  

when you select:  

( ) ( ) ( )eeex
f

e ζααγαζγλ 22112
1

2 +
∂
∂

=Ψ=
•

,  

total derivative you can record a Lyapunov function:  
021 ≤Ψ−=

•

TV , that ensures global sustainability management system. 
Set out without limiting the generality of the method allows you to build 

adaptive control systems not only for second-order objects, but objects and non-
linear n-order, complained of the system of equations (1). In this case the law of 
adaptation will take the form: 

( ) ( )ee
nx

f
n ζγαλ Ψ

∂
∂

=
• 1   

where [ ]










 




 −

==
• 1
,...,,,...,2,1

n
eeeTneeee - the vector of errors; ( ) ∑

=
=Ψ

n

k keke
1
α . 

The advantage of the proposed method is that it allows you to: first to 
synthesize controllers for objects, the mathematical description is not exactly 
known, secondly the knowledge and experiences of human operators in the 
formation of the Control Law. The control system due to its adaptive capacity may 
be subject to the uncertainty of the external and internal disturbances. The 
synthesized parameter adaptation of Act is simple to implement, that facilitates the 
process of adaptation in the on-line mode. 
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One of the productive approaches to solving the problem of simulating the 
temperature should be regarded as the construction of a stochastic model. In fact, 
such a model will not be a purely stochastic, as it should be present slow determi-
nistic trends such as the annual temperature trend. The input data for the calcula-
tion of the model parameters by the data obtained from the site of the All-Russian 
Research Institute of Hydrometeorological Information (RIHMI). 

According to the temperature the parameters of climate data are presented 
with a daily resolution in the form of three values: the maximum temperature for 
the day, the minimum temperature of the day and the average temperature for the 
day. It is necessary to build a model that would restore the diurnal variation of 
temperature on the basis of the available data. Consider the basic steps of the 
method on the example of model building. 

Stage 1 of the model parameters calculation: analysis and data cleaning 
The first stage can be considered as a visual data analysis and detection of er-

roneous entries. Correcting erroneous records of temperature can be made on the 
basis of the analysis of additional fields contained in the same data file, the pres-
ence of this field to 9 corresponds to the rejected or missing data. With single 
omissions or errors in the data, it is possible to use the method of recovery based 
on the average of right and left neighboring values. However, with the mass passes 
of the data (week, month or more), this method cannot be implemented. To solve 
this problem, the method of substitution [1] is used, which consists of the replace-
ment of the data of the next (or previous) years, for the same days. 

Stage 2 calculation of the model parameters: selection constant and har-
monic components 

The calculation of the value of dc and its exclusion from a number of runs 
based on the evaluation of the expectation for each of the values-series T : 

1
1

N

i i i
i

Td T N T
=

= − ∑  , where N - the length of the analyzed series. 

To eliminate the harmonic component (seasonal trend of temperature) to cal-
culate the coefficients of the approximating function ( ) ( )sinFg t A tω ϕ= + To solve 
this problem we use the method of least squares which form the equation residu-

als ( ) ( )( )22

1
, , sin

N

i
i

A Td A iω ϕ ω ϕ
=

∆ = − +∑ , on the basis of which we construct a system 

of equations whose solution yields the desired approximation coefficients for the 
function of the harmonic component. 

The final step of this stage is to eliminate the harmonic component of the se-
ries analyzed ( )sini iTdg Td A iω ϕ= − + . 

Stage 3 calculation of the model parameters: analysis of the parameters 
of the random component 

As for the distribution of the random component let us make the assumption that 
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it is a Gaussian one. The analysis of the data series shows that this assumption is fair 
enough to remove the harmonic form of the distribution is similar to the distribution 
of the combination of a normal distribution and the distribution of the arc sine. 

The next step of calculating the parameters of the model is to calculate the es-

timate of the standard deviation: ( ) 2

1
ˆ 1 1

N

i
i

N Tdgσ
=

= − ∑ here, writing expressions 

were taken into account that the expected number of series is zero. 
Further, the estimates of the autocorrelation function [2]:  

2

1
ˆ

N N

k i i k i
i k i

Tdg Tdg Tdgρ −
= =

= ∑ ∑ here, when writing expressions the expected num-

ber of zero was taken into account. 
Further, the estimates of the autocorrelation function [2]: 

2

1
ˆ

N N

k i i k i
i k i

Tdg Tdg Tdgρ −
= =

= ∑ ∑  

here, as in the previous case, it was considered that the expected number of series 
is zero. 

On the basis of the computed approximation function evaluations define and 
calculate the coefficients of the approximation. In all cases analyzed, the author 
used the normalized autocorrelation function of the form [2]: 

( ) e α τρ τ −=            (1) 
where α - the parameter of the function. 

To determine the coefficient approximation of parameter α , as in the case of 
use of the harmonic component by the least squares. Form the function of the re-

sidual: ( ) ( )22

1
ˆ

N
i

i
i

e αα ρ −

=
∆ = −∑ on the basis of which we can write the equation, the 

solution of this equation corresponds to the ratio of the desired approximation: 
( ) ( )

2

1
ˆ 0

N
i i

i
i

d
ie e

d
α αα

ρ
α

− −

=

∆
= − =∑  

On this stage of the calculation of the model parameters associated with the 
analysis of the initial series is completed. In what follows we need to calculate the 
parameters shaping filters, but this phase will be implemented in the description of 
the structure of the simulation model. 

The equation of the model in a general form can be written as follows: 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

2

max min max max min min max min

4sin sin 365
2

sin sin
2

av av av
b b acTm t T t t t

a
T T A t A t t t

ω ϕ ξ ω

ω ϕ ω ϕ ξ ξ

− ± −
= + + + + + ⋅ ×

− + + − + + −
×

 

where ( ) ( ) ( )min max, ,av t t tξ ξ ξ - independent Gaussian random processes with autocor-

relation functions respectively ( ) 2 av
av avR e α ττ σ −= , ( ) min2

min minR e α ττ σ −= , ( ) max2
max maxR e α ττ σ −= . 

Random processes with a Gaussian distribution law and given autocorrelation 
function of the form (1) are formed on the basis of white noise through linear dy-
namic transformation. This transformation is typically called by filtration and 
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shaping filter conversion equation [3]: 
1

f
ff

f

K
W

j Tω
=

+
 for each of three random 

processes time constant is calculated ( ) ( )max, min max, min1f av avT α= and its transmission 
coefficient ( ) ( ) ( )max, min max, min max, min2f av av f avK Tσ= . 

The result of the model with the parameters calculated from observations of 
the Irkutsk observatory is shown in Fig. 1. 

 
Fig. 1. The simulation result of temperature (356 days) on the basis of the 

developed model 
 

The implementation of the climate model developed with the restoration of 
the daily course of temperature in a Simulink. Setting the block model may be 
done through Matlab environment using the script rendered in a separate file m. 
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Introduction 
At present the problem of construction of neuron network for analysis and 

forecasting of one-dimensional time series is sufficiently formalized, there are 
numerous examples of its successful solution [1-5]. In addition, there exists formal 
description [6] of the problem of forecasting of multidimensional time series. 
However, the available models do not consider for possibility of delay of 
significant factors on studied variable.  

1. Problem of neural network construction for non-zero delay 
In order to obtain one-step forecast the problem of forecasting can be reduced 

initially to the problem of approximation of the following type. 
There are M time series Х1, Х2,…ХM of N observations each. There is a 

studied variable Y - time series with the same parameters, presumably depending 
on observation series. It is required to construct and to study neuron network which 
represents mapping Y = ϕ( Х1, Х2,…ХM) with preset accuracy on array of initial 
data at the times ti, (i=0,1…..N-1). A trained network is used for forecasting of 
Y(tN) value based on Х(tN) values. 

However, with existence of time lag it is impossible to guarantee adequacy of 
model due to uncertainty of selection of training vectors. From here follows the 
problem of detection of optimum lag, at which the influence of the i th factor is 
maximum and the shape of response surface corresponds to the shape of actual 
dependence as much as possible. In order to form mathematical description of this 
problem the following variants of initial positions have been considered. 

There is a single series X with the observed values (x(t1), x(t2),…x(tn)). There 
is a depending series Y(y(τ1), y(τ2),… y(τn)). At this τ1 = t1+∆, where ∆ = -c⋅∆t. 
This problem is considered to be one-dimensional. 

With the assumption that c = 0, that is, t i = τi, we investigate into correlation 
dependence between the series x and y. If the conditions of application of linear 
regression analysis are satisfied, then the theoretical regression line can be 
presented by the following equation: 

bxay +=∗ ,  (1) 
where y∗ is the theoretical value of dependent variable. 

Parameters a and b of the regression equation are determined by the least 
square method. In order to determine parameters of the regression equation we 
propose to introduce supplemental variable ∆, which is the value of time shift: 

)γ(tbay ∆+⋅+=∗ .  (2) 
This problem can be solved if the form of dependence X(t) = γ(t) is known. 
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Contrary to the regression equation in the form (1), (2) cannot be solved for the co-
efficients a and b by known methods.  

When passing to neuron network simulation in order to solve the 
approximation problem of dependent series the pairs (x i, yi) are used. In [7] an 
example is given of neural network with one input, one output, linear function of 
activation, capable to solve the problem of detection of regression equation 
coefficients. The coefficients a and b of Eq. (1) are selected as adjustable 
parameters. However, the use of linear function of activation restricts the area of 
application of neural network method of approximation with the cases of linear 
dependence of Y on X. From Kolmogorov's theorem it follows [8] that for any set 
of pairs ( ){ }1...Nk,Y,X kk =  there exists uniform double-layer neural network with 
sequential couples, with sigmoid transfer functions and with final number of 
neurons, which forms for each input vector kX  corresponding output vector kY .  

Functioning of neuron network of the above described structure, but with one 
output, obeys to the following law: 

)))xw(f(wf(y
k

1i

N

0j
j

(1)
ij

(2)
i

* ∑ ∑
= =

⋅= ,  (3) 

where  

,
1

1f(x)
βx−+

=
e

  (4) 

(2)
iw  is the weight of the ith neuron of output layer, (1)

ijw  is the weight of the ith 
neuron of hidden layer, jx  is the element of input vector Х, *y  is the output of 
neural network. 

Provided that the network has one input,  

)))xw(f(wf(y
k

1i

1

0j
j

(1)
ij

(2)
i

* ∑ ∑
= =

⋅= ,  (5) 

where the index 0 corresponds to the signal and weights of polarization [1]. 
In order to solve the problem of approximation the neural network should be 

trained. For successful training using any known method it is required to have 
exact correspondence of input ix to expected output iy  in each training sample. 
The supposed existence of time lag makes it impossible to construct correctly 
training set and to detect the value of time lag within solution of approximation 
problem.  Due to impossibility of simultaneous solution of the problem of detection of 
optimum time lag and the approximation problem it is proposed to consider for 
time lag within solution of the problem of discrete optimization on the basis of the 
following considerations. 

Let us consider a possibility of statement and solution of this problem in 
neural network basis. The following formal description of optimization for one 
series in neural network basis is proposed: 

min,)))xw(f(wf(y(е 2
k
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where  
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The given considerations can be generalized for M time series Х1, Х2,…ХМ as 
follows. 

Training of two-layer neuron network with existence of time lag is a process 
of searching for solution of minimization of objective function, referred to as error 
function, in the following form: 
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2
1еmin

ji

,   (8) 

where N is the number of training samples, М is the number of inputs, wij
(1) is the 

weight of ith neuron of hidden layer, wki
(2) is the weight of the ith neuron of output 

layer, K is the number of neurons in hidden layer, х0 = 1, w0
(1) = 1, w0

(2) = 1, ∆j is 
the time lag for the jth input, xj(t-∆j) is the value of independent variable shifted by 
the value of time lag. 

As a function of neuron activation the following sigmoid is used: 

x1
1f(x) −+

=
e

.  (9) 

Let us define limitations for ∆j. 
1. The time lag ∆j should be non-negative which is defined by physical sense 

of the problem. Indeed, variation of independent variable at the time t+1 cannot 
effect on the value of dependent variable at the time t, thus, ∆j ≥ 0. 

2. Displacement of observation point to earlier times should not results in 
overrunning of lower limit of initial time series, since the event described by this 
time series can be absent at that time, and extrapolated values will not have 
physical sense. Therefore, xj(t - ∆j)∈Xj. 

2. Optimization of lag factor for one independent variable (input) 
In the case of one independent variable X the problem of finding of lag factor 

can be solved as follows. The values of variable with various time lags form time 
series which reflects the history of this variable. In order to generate training 
sample the successive values of independent variable are selected x(t), x(t-∆1), 
…x(t-∆M), where ∆i=i∙t, i=1,2,…M, M is the depth of historic sampling, as well as 
expected output of neural network y(t). The following training samples are 
generated for the time points t+1,t+2… 

Training, test and reference sets are outlined, and the neural network is trained 
by back propagation of error on the obtained training set with control of generaliza-
tion error on test set and final checking of forecasting error on reference set. 

Then absolute forecasting error is determined in the following form: 
*yyE i −=∆ ,  (10) 

calculated at elimination of input x i=x(t-∆i). This value determines sensitivity of 
neural network to contribution of the i th input. Maximum sensitivity indicates at the 
input with optimum value of time lag. Displacement of the time series by the de-
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termined value ∆opt leads to establishment of unique correspondence between train-
ing pairs (x(t), y(t)) and possibility of construction of correct sets for training, test-
ing and control of neural network. 

Let us assume that the considered "last" values of independent variable Хi are 
described by subset of inputs S i = {xi(t), xi(t - 1),… xi(t - ∆s),… xi(t - hi)} of two-
layer neural network of multilayer perceptron type of the structure М∗ – К–1. Here 
K is the number of neurons in hidden layer, ∆s is the time lag, hi is the depth of 
sampling with regard to the ith factor, М∗ is the number of inputs of neural network, 
determined as follows: 

∑
=

∗ +=
M

1i
i )h1(М ,  (11) 

where М is the number of considered factors. This equation makes it possible to 
determine the composition of inputs at arbitrary penetration depth for each factor. 
At h = 0 the values of independent variables at previous times are not included into 
the composition of input vector.  

Then the sensitivity of neural network to elimination of input, corresponding 
to the value of independent variable хi(t - ∆s), can be described by the module of 
absolute forecasting error as follows: 
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where E∆is is the forecasting error at elimination of input, corresponding to the 
value of the ith factor at the time t - ∆s, (2)

rw , (1)
rjw  are the weights of neurons of 

trained network, which were not changed within solution of the considered 
problem; хj is the value of the jth input of neural network , yp is the observed value 
of the forecasted parameter.  

In Eq. (12) λi
sj is the element of elimination matrix defined as follows: 
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The elimination matrix λi
sj is introduced in order to provide possibility of 

zeroing of link weights of input corresponding to lag ∆s. 
For the set of inputs xj

is, which is a subset of input vector (x0,…xj) and 
describes the history of variations of the i th factor, the following is valid: 

)Δ(txx s
iis −= ,   (14) 

where ∆s is the time lag, s = 0,…hi. 
We shall consider as optimum value of time lag ∆s, at which elimination of 

corresponding input leads to obtaining of maximum forecasting error: 
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Maximum depth of historic sampling with regard to each factor should not 
exceed half-length of initial time series. The time lag ∆s should be non-negative, 
hence 

0 ≤ ∆s ≤ N/2.  (16) 
Final form of the problem of optimization of multidimensional lag with 

consideration for Eqs. (9), (13), (14) and (16) is as follows: 
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Non-linear character of Eq. (9) in Eq. (17), uncertainty of selection of 
sampling depth with regard to each factor, increasing dimensionality at increase in 
the number of considered factors and sampling depth make it impossible to apply 
conventional methods of optimization and require for development of special 
neural network algorithm with consideration for the described limitations. 

Now let us determine the depth of historic sampling on the basis of the 
following considerations. At M = 1 the neuron network obtains inputs in the form 
of the values of independent variables corresponding to time points t and t-1. 
Herewith, it impossible to determine reliably existence even of single lag. 
Respectively, increase in the depth of historic sampling increases probability of 
finding of optimum time lag. 

On the one hand, with increase in the number of considered previous values 
of independent variable total number of weights of neural network also increases. 
It is demonstrated [9] that in the case of equality of number of weights to scope of 
training sample the network loses capability to generalization. It becomes 
impossible to obtain forecast based on data not used in training.  

In the case of consideration for influence of several independent variables on 
forecasted value simultaneous analysis of sensitivity of all inputs leads to sharp 
increase in complexity of neural network, lack of training data and excessive 
adaptation of network weights to values of specified samplings. Network 
complexity measure is approximately estimated by total number of neuron network 
weights [9].  

Synthesis of neuron network is carried out at minimum penetration depth, 
which corresponds to equality of the number of inputs to the number of 
independent variables. This network is trained up to obtaining of minimum errors 
of training and generalization. Then the sensitivity is analyzed and the variables are 
classified in decreasing order of sensitivity. For each independent variable in the 
sequence, determined by rank, the optimum lag is searched with increase in the 
penetration depth according to the aforementioned procedure. In order to 
characterize other inputs the x i(t) values are used. 

The obtained results of sensitivity analysis of networks with various composi-
tion of inputs are used for construction of the vector of optimum lags ∆={∆1, ∆2, 
…∆M}, where M is the number of independent variables. This vector is used for 
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displacement of initial data set and obtaining of adjusted forecast. 
3. Information basis of simulation and forecasting and neural network 

algorithms of data processing  
In order to solve the stated problem of neural network simulation and 

forecasting of time series with consideration for significant factors it is necessary 
to have the values of controlled variable and influencing factors measured at 
specified times.  

Initial set of independent variables is reduced within acquisition of results of 
direct observations and expert estimations. Exactly the features of the considered 
time series, which describe systems with comparatively short history of 
observations, determine the requirements to completeness and reliability of initial 
data. In the case of decision to retain time series with omitted values it is necessary 
to select mechanism of series supplement. 

At the second stage of preliminary transformations the following procedures 
are carried out: encoding of inputs and outputs, data normalization, elimination of 
obvious regularities from data [9], construction of training, reference, test samplings, 
including determination of penetration depth into history of each factor, designing 
of elements of information, software and telecommunication infrastructure [10-14]. 
Individual issues of detailed research of information and telecommunication 
components are discussed elsewhere [15-17]. 

In order to solve the forecasting problem with consideration for optimum time 
lags with regard to each significant factor it is necessary to solve such sub-
problems: 

1) preliminary selection of composition of inputs and penetration depth for 
each of them; 

2) training of neural network with minimum allowable penetration depth for 
each factor; 

3) determination of optimum time lag for each time factor; 
4) displacement of observation series and obtaining of adjusted training, 

reference and test sets; 
5) correction of composition of inputs of neuron network and training using 

displaced set; 
6) acquisition of forecast on the values of independent variables not 

participating in training and testing. 
In order to determine optimum time lag for each time factor the procedure is 

proposed to estimate sensitivity of neural network to the values of independent 
variable in various time points with increment of penetration depth for analyzed 
factor. Maximum penetration depth is defined as N i/2, where Ni is the length of 
time series of the ith independent variable.  

Sensitivity was analyzed as follows. 
Stage 1. Determination of maximum penetration depth by plots of autocorre-

lation functions of independent variables and establishment of ultimate width of 
time interval.  

Stage 2. Construction and training of a set of neural networks with various 
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composition of inputs: penetration depth of the studied series is assumed to be 
maximum, the other series are presented by one input per series. 

Stage 3. Determination of time lag for each series using analysis of 
sensitivity. 

After determination of optimum time lags a new set of data was constructed, 
used for training of network aiming at obtaining of adjusted forecast of dependent 
variable. 

The obtained values of optimum time lags were used for displacement of time 
series of independent variables and construction of adjusted set of initial data as 
follows: 

1) determination of maximum lag; 
2) displacement of each series by the value of optimum lag of given 

independent variable; 
3) selection of approach to continue the process: reduction of series of initial 

data by the value of maximum lag or supplement of missed values. 
Displacement of series of initial data is performed using the delay line. 
Conclusions  
1. Necessity to consider for delay of influence of independent variables on 

forecasted value has been studied. It has been demonstrated that the existence of 
unconsidered time lag makes impossible to obtain correct training samples and 
impairs forecasting quality. 

2. Mathematical statement of finding of optimum time lag for one and 
several independent variables has been formulated in the case of application of 
regression analysis. 

3. Mathematical formulation of construction of forecasting neuron network 
has been obtained for the case of non-zero delay for one and several independent 
variables. It has been determined that the problem of construction of neural 
network with consideration for non-zero delay is reduced to the problem of finding 
of vector of optimum lags, at which quality functional described by forecasting 
error E is transformed into optimum for all sets ( )111

2
1

1 ,,..., yxxx M
∗∗∗ , 

( )222
2

2
1 ,,..., ∗∗∗∗ yxxx M ,… ( )NN

M
NN yxxx ∗∗∗∗ ,,..., 21 , where M is the number of inputs of 

neural network, N is the number of training samples. 
4. A method of determination of optimum time lag is proposed, based on 

searching of maximum of absolute forecasting error with elimination of input 
corresponding to specified lag value. 
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1. Introduction 
Development, formal presentation and design of immune and hybrid immune 

systems suggests the presence of three components (Fig.1): 1) the scheme of the 
components of the AIS; 2) one or more measures to quantify the states of the 
system (affinity and measures to evaluate the fitness), and 3) immune algorithms 
that control the behaviour of the system. 

 
Fig. 1. Structural components of AIS 
 
The presentation accepted for immune cells and molecules, is an expanded 

version of the approach of the shape-space. Currently, the most frequently used are 
four main types of shape-space: real-valued shape-space, integer shape-space, 
symbolic shape-space. In addition to these forms can be used and more complex 
types of shape-space, such as neural networks, fuzzy neural network, fractal shape-
space and shape-space of DNA. In this paper the optional choice for shape-space is 
selected based on RBF neural network architecture. Shape-space is a formalism 
designed to represent those parts of immune cells or molecules that determine the 
properties allowing the cell to recognize or to be recognized by other elements.  

2. Theoretical Part 
As shown in [1], the application of gradient methods of local search that are 

used to construct neuromodels in some cases is unacceptable or impossible. The 
generalized optimization problem of synthesis of a neural network on the training 
set can be formulated as follows: 

( )Α∆ΒΩΜ= ,,,,NetNet ,  (1) 
for which 

( ) min,, →YXNetζ ,  (2) 

where Μ  is a matrix that determines the presence of synaptic connections between 
elements of the system (receptors, neurons); ( )ΜΩ=Ω  is a matrix of weights, 
which correspond to those present in the network; ( )ΜΒ=Β  is biases vector of the 
neural network; ( )Μ∆=∆  is a vector of the discriminant functions of elements of 
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the neural network; ( )ΜΑ=Α  is a vector of activation function for neural network; 
( )YXNet ,,ζ  is a criterion for determining the effectiveness of a neural network 

model to approximate the relationship between inputs X  and their corresponding 
parameter vector of output values Y . 

The optimality criterion for a neural network model using the mean square 
error: 

( )( )∑
=

Ψ−=
m

p
pp Netyy

1

2,ζ ,        (3) 

where pΨ  is a set of values for the p -th instance; ( )pNety Ψ,  is a value of neural 
network output btained for the set of values pΨ . 

Synthesis of computational structures using immune algorithms for 
solving forecasting problem 

An important point in the process of forecasting is the selection of forecasting 
method. Depending on the properties of a time series, as well as the requirements 
for the process (for example, the required accuracy of the forecast or the rate of the 
forecasting) will be determined by the effectiveness of a method and quality of 
solutions obtained. In addition, a well known fact that the quality of forecasts can 
be improved by combining the (combination) of the results obtained by different 
methods. Neural network constructed on the radial basis (RBF network) is a 
powerful tool for approximating multidimensional nonlinear functions. They have 
a fairly simple architecture and have a high speed training. Block diagram of RBF 
network is shown in Figure 2. The RBF network consists of input, single hidden 
(radial basis) and linear (output) layers. The input layer consists of sensors that 
connect the network with the external environment. The neurons of hidden layer 
operate on the principle of centering on the elements of the training sample. The 
centers are supported by the weight matrix ( rW ). The reactangular (dist) is used for 
calculating the Euclidean distance between input vector (X) and the corresponding 
center. Around each center there is a region called the radius. Radius (sensitivity of 
the network) is adjusted by means of the smoothing coefficients vector: ( )mσσ ...,,1 . 

The transfer function (usually Gaussian, 2

2

2
)(

)( σ
cx

exf
−

−
= ), is varying in the range from 

0 to 1, and it determines the output of a hidden layer. The output layer contains 
usual linear or sigmoidnye neurons; by adjusting their weights ( lW ) we determine 
the network output. 

The behavior of RBF network depends on the number and position of radial 
basis functions of the hidden layer. Indeed, for any real n-dimensional input vector 

( )nxxxx ...,,, 21=  , where nXx ℜ⊂∈ the output of the network will be determined as 
follows: 

( )( )∑
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1
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where, ll
ik Ww ∈ , pi ,1=  is a weight of the linear layer; rr

k Ww ∈  are centers of radial 
basis functions. If as a basic function is used the Gaussian function, then: 
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Fig. 2. Architecture of RBF network 
 
In the context of approximation problem of the network configuration is to 

find a function, ℜ→ℜny : , satisfying equation (5) at 1=p . Suppose we have a 
sample of training data points : niS XXX ℜ∈,...,,1 . If the output values for each of 
these points of ℜ∈iS ddd ,...,,1  are known, then every basis function can be 
centered on one point of iX . Consequently, asymptotically the number of centers, 
and therefore the hidden layer neurons will be equal to the number of data points of 
the training sample, M. In this case there are at least two problems. First, low 
ability to generalize as far as the presence of excessive number of neurons in the 
hidden layer has a negative impact on the approximation of the new (not 
participating in the training data), and second, a large size of the training sample 
will inevitably cause problems of a computational nature. To overcome these 
difficulties the complexity of the network should be reduced by reducing the 
number of basis functions, which in turn poses a new challenge, that touches upon 
their optimal centering. The ttraditional methods of determining the centers of RBF 
are: the random selection of vectors from the set of training data, the application of 
clustering algorithms working on the scheme of unsupervised learning, the applica-
tion of supervised learning. The basic idea of the work is to use an immune 
network for identification of centers of radial basis functions, i.e. solving the prob-
lem of recognition and clustering, that solves the problem of determining the num-
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ber of input values. After that a clonal selection algorithm is used for constructing 
an optimal architecture of radial basis neural network (number and type of RBF-
neurons in the hidden layer functions) as well as optimizing the weights and pa-
rameters of radial basis functions. As the output layer activation functions, logistic 
and linear function activation are used. The traditional methods of determining the 
RBF centers are: the random selection of vectors from the set of training data, the 
application of clustering algorithms working on the scheme of training without a 
teacher, and the use of supervised learning schemes. 

Table 1 
Radial-basis activation function of the inner layer 

Gaussian 
function 

Multi-
quadratic 
function 

Inverse Multi-
quadratic function 
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Following the idea of an integrated approach to solving the problem of setting 

parameters of a neural network, we used the clonal selection algorithm as a single 
(global) tool for searching the optimal values for all configurable parameters. 
Below is a description of the elements of AIS, which must be adapted to the task. 

 
Fig. 3. A generalized scheme of the synthesis and study of radial basis neural 

network using clonal selection algorithm and the algorithm of artificial immune 
network 

 
Based on the architecture of the neural network (Fig. 2) as adjustable 

parameters are the following: a) the number of neurons in the hidden layer (m); b) 
centers of radial basis functions ( r

kw ); c) coefficients of smoothing ( kσ ); d) types of 
basic functions of the hidden layer; e) the weight of output layer ( l

ikw ); f) type of 
activation function of output layer; 

g) parameters of the activation function of output layer (a). 
On the basis of selected parameters could be obtain a structure of an 

individual AIS as shown in Fig. 4. 
To encode the values by the binary system the precision (bits per value) is 

highlighted as a parameter setting AIS. Elements of the string mff ...,,1  encode the 
status of the neurons in the hidden layer. The value of "0" corresponds to the 
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passive or „off“ (the neuron is not involved in calculating the output value 
network). The value of "1" shows that the neuron is active (enabled). This scheme 
provides an automatic search for the optimal number of hidden elements of the 
RBF network. Configured AIS provides only the maximum possible number of 
these elements. As a target function and the function of the affinity is selected the 
standard error of the network on training data. As AIS learning algorithm is chosen 
a clonal selection algorithm with the following implementation features: (a) 
selection is implemented according to the principle of tournament selection, which 
makes it possible to manage the convergence of the algorithm and maintain the 
diversity of the population at the appropriate level; (b) according to the specific 
binary coding scheme that is proposed for mutation, whereby the probability of 
changing a single bit line depends not only on the affinity of antibodies in general, 
but also on the significance of this bit. 

Consider the example shown in Fig. 5. 

 f1 f2 … fm rw11  r
nw1  r

mnw
 

r
mw 1  … … … σm σ1 … lw1

 

l
mw  … a  

Fig. 4. The structure of the individual (antibody) AIS coding RBF-network 

 
Fig. 5. Land-line antibody with binary encoding 
 
In this example, the mutation of the bits with indices 0 or 1 obviously cause 

more significant changes in selected parameters than the mutation-bit number 4. 
When an individual reaches a sufficiently high affinity, more significant bits 
should be gradually excluded from the operation of mutation. This can be achieved 
by reducing the corresponding probabilities of the operator to the data bits. 
Formally, this process can be depicted as follows: 

( )





 −+⋅= affaff

l
iaffpp mi min ,   (6) 

where ip  is the probability of mutation of the i-th bits of the parameter in the string 
antibodies; mp is the overall level of mutation, defined as a parameter of the 
algorithm; aff  is the current affinity for antibodies; l is precision (bits) 
representation encoded parameters; minaff is the minimum value of affinity, 
corresponding to the selected target function and the function of affinity. 

Since in this case we solve the problem of minimizing an approximation 
error, the minimum value of antibodies affinity should be consistent with the 
maximum possible value of the error. Equation (6) provides the same probability 
of bit mutation for individuals with low affinity and increases the probability of 
mutation for less significant bits for individuals with high affinity (Fig. 6). The 
types of basic functions and the activation function of a layer are given as 
parameters to AIS. As a target function and the function of the affinity selected the 
standard error of the network on training data. As a learning algorithm is selected 
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IMS clonal selection algorithm, which has similar features for implementation as 
the algorithm developed for the synthesis and training RBF networks. 

 
Fig. 6. Distribution of the probability of mutation encoded parameters for 

individuals with low (a) and higher (b) affinity 
 
Stepwise implementation of clonal synthesis algorithm of predictive neural 

network models is shown in Figure 7. 
The algorithm for evaluating each solution obtained is converted back to 

individual lines in the structure of the neural network with the appropriate settings, 
which is checked for the training set to obtain the mean square approximation 
error. 

3. Experiments 
3.1. The description of experimental data  
For the pilot study were selected the two time series representing real 

processes. First some observations on the volume of monthly sales of tickets 
American Airlines for 12 years; the series contains 144 observations. Its schedule 
is shown in Figure 8. 

The first 100 observations (70%) series were used as training sample, the 
remaining 44 cases (30%) were used as a test sample. The size of the minimum 
time lag (immersion depth d ) was calculated on the basis of the partial 
autocorrelation function (PACF). From the PACF values 13≥d , we have chosen 
the value 14=d . As a second example of the data we selected a number of 
observations of the daily consumption of electricity for one of the regions in 
Ukraine. The observations were collected during a year, so the series contains 365 
values (Fig. 9).  To study the process we used the observations No. 260-330. The last 35 
observations were used as a test sample. In this case the minimum time lag, 15≥d , 
we have chosen the value of 15=d . Further on, based on initial data, we 
demonstrated experimentally the convergence of the developed methods and 
investigated the influence of main parameters on the AIS learning algorithms. 

3.2 The influence of some parameters on the convergence of AIS 
algorithms 

The experiments were set to investigate the influence of three main 
parameters of AIS: selection pressure, population size of clones, and the level of 
mutation.  
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Fig. 7. A block diagram of an immune algorithm synthesis and configuration 

of neural networks for solving prediction 
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Fig. 8. Some observations on the volume of monthly sales of air tickets 

 
Fig. 9. A number of observations of daily consumption of electricity 
 
First, we set a high selection pressure equal to 50, the size of the population of 

clones equal to 300, and the level of mutation equal to 0.8. In this case the 
selection of the best antibodies will occur as follows. After assessing the entire 
population, i.e. 50, the antibodies are selected by a certain percentage of the best of 
them for subsequent cloning. This percentage is set by parameter "factor of 
selection of the best antibodies, which in this case is 0.7. Consequently, for cloning 
we must select, 50 * 0,7 = 35, the best antibodies. The best antibodies (i.e., those 
which give the smallest error of approximation on the training data) are chosen by 
tournament selection. The tournament selection involves a random selection from 
the population, the number of antibodies, specified by the parameter “selection 
pressure”, and the choice of one of the best out of this amount. The tournament is 
repeated as many times as antibodies should be selected (in this case 35 times). It 
follows that the larger the tournament is the less likely is a penetration of "weak" 
antibodies into the population of clones, and the faster should converge the 
immune algorithm. Then we set a minimal selection pressure, equal to 2, and 
compared the results obtained. Figure 10 (a) shows the graphs of convergence of 
the developed combined algorithm for the problem of forecasting the time series of 
ticket sales and Figure 10 (b) shows the similar experiments with a number of 
observations of daily electricity consumption. The results show that: (1) developed 
algorithms converge to the minimum learning error, which proves the possibility of 
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their use for solving the apporximation problems; (2) parameter selection pressure 
can control the rate of convergence of algorithms that can be effectively used to 
prevent premature convergence to local optima. 

(a)  

(b)  
Fig. 10. (a) Convergence of the combined algorithms at different levels of 

selection pressure (for the time series of the monthly ticket sales); (b) Convergence 
of the combined algorithms at different levels of selection pressure (for the time 
series of energy consumption) 

 
More studies have been performed touching on dependence of the time spend 

for learning and loss errors on the test sample from the population size of clones 
AIS. In these experiments the rigidity of selection for all algorithms was set equal 
to 20; the experimental results are shown in Table 1.  

Here PMSE is the standard error in percentage, which is calculated via the 
formula: 



American Journal of Control Systems an Information Technology 
 

 

29 

( )
1001

2

2

⋅

−

=
∑

=

r
y
yy

D

r

i i

M
ii

,  (7) 

where D  is a mean square error (in percentage) for a model on training data; r  is 
the size of test sample; iy  is the true value of a variable number; M

iy  is predicted 
value of a variable estimated with the model. 

Table 1 
A comparative study of the effect size of the population of clones 

Algorithm type Population size 
of clones Data (time series) Training 

time 
PMSE on 
test sample 

RBF-predictor 
RBF-predictor 
RBF-predictor 
RBF-predictor 

100 
300 
100 
300 

Sales tickets 
Sales tickets 
Electricity consumption 
Electricity consumption 

35 с 
120 с 
28 с 
93 с 

12,65 % 
5,34 % 
5,17 % 
4,26 % 

 
According to the results shown in Table 1, we can conclude that the increase 

in population size results in clones on one hand slows down the learning process, 
on the other hand in improvement of the generated models quality, judging on the 
value of the model error on the test sample. Furthermore, as seen from the table, 
combined algorithm IMS and wavelet neural network shows a higher accuracy of 
prediction than the combined algorithm and RBF network, while the latter has a 
higher rate of training. The experiments were conducted with the levels of 
mutations 0,16 and 4,0. The graphs of the convergence of combined algorithms for 
time series of the monthly ticket sales are presented in Figure 11 (a). Under the 
same conditions the convergence of algorithms for the time series of energy 
consumption is shown in Figure 11 (b). 

(a) The experimental results show that for a high level of mutation, which 
implies a high variability of clones of the population, in most cases the training is 
faster, but the step character of the curve indicates a low stability of the process, 
thus decreasing the probability of finding the global optimum. The figure shows 
that the value of errors corresponding to the high level of mutation decreases 
rapidly at the beginning of training. But it is falling at a certain time in one of the 
local optima, and can not leave it in the future due to the high variability of 
antibodies, which leads to deterioration in the quality of training. In fact the 
mutation is the main driving force behind the evolution of the immune system and 
therefore requires more careful adjustment in accordance with the objectives set in 
the solution of a problem of forecasting. 

4. Conclusion 
The main results of this study are as follows:  
- the experimental analysis of the problem of finding the settings for RBF 

neural networks;  
- the combined methods of forecasting time series with controlled parameters 

is proposed, based on the synthesis of RBF networks using artificial immune 
systems;  
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- the results of computational experiments showed the higher effectiveness of 
the proposed combined methods. 

 

(b)  
Fig. 11. Convergence of the combined algorithms at different levels of 

mutation: (a) for the time series of the monthly ticket sales; (b) for the time series 
of energy consumption 
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Introduction 
A Vehicle Routing Problem (VRP) is regarded as a whole class of problems 

where a set of routes for a car fleet located in one or more depots should be 
determined for some geographically distant cities or buyers. The purpose of 
routing is the optimization of the series of client requests. 

In this paper, we consider the basic methods applied for solving the VRP, as 
the most representative. 

1. Exact methods. 
They suggest the search through all possible solutions in order to find the 

best. The most famous of them is the method of K-tree. This method uses the tech-
nique of branch and bound and is successfully used to solve problems with a rela-
tively small (up to one hundred) number of clients. 

Another well-known method is branch and cut. 
2. Heuristic methods. 
These methods produce a relatively limited analysis of the search space, and 

allow to obtain acceptable solutions within reasonable time. 
2.1.  Constructive methods. 
To solve the problem with this method, it is consistent to add clients to the 

route according to a certain algorithm considering the constraints of the problem. 
2.1.1. The method of savings. It is applied to the problems in which the 

number of cars cannot be fixed. One of the examples is the method of savings 
based on matching. 

2.1.2. Improving methods are: 
– the method of Thompson and Psaraftis is based on the concept of 

simultaneous cyclic transmission to queries from one route to another; 
– the method of Van Breedam presupposes the exchange of nodes or 

sequences of nodes between adjacent routes; 
–  the method of Kinderwater and Savelsbergh. Like in the previous 

method, there is an exchange of nodes between neighboring routes. 
2.2. Two-phase methods. 
Here the solution of the problem is divided into two stages with the possibility 

of reverse repetition: 
1) building groups, or clusters, of customers on the probable routes; 
2) direct route planning within the cluster. 
2.2.1. The methods “Cluster first – Route second” are the following:  
– the method of Fisher and Jaikumar is used for the optimal assignment of 

multiple tasks on the set agents, i.e. to cluster the nodes; 
– Sweep Algorithm presupposes the transition to the polar coordinate and 

grouping into clusters according to the rotatable beam from the coordinates center; 
– Petal Algorithm is actually an extension of Sweep Algorithm; 
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– Talliard’s Algorithm selects vertices in the cluster using the mechanism of 
λ-exchange and features the decomposition of the main problems into 
subproblems; 

2.2.2. The method “Route first – Cluster second” constructs in the first phase 
one great route for the travelling salesman (Travelling Salesman Problem, or TSP) 
without considering any constraints, and in the second phase decomposes this route 
into possible transport routes. 

3. Metaheuristic methods. 
In metaheuristic methods there is an emphasis on the deep analysis of the 

most probable areas of the search space: 
3.1. Ant System Algorithm simulates the behavior of the foraging ant colony; 
3.2. Constraint Programming Algorithm studies the problem which is ex-

pressed in terms of the variables, their domain and the relationships between them; 
3.3. Genetic algorithms repeats the methods of the natural selection, natural 

genetics to find the best solutions; 
3.4. the method of simulated annealing is derived from statistical mechanics 

and is based on the analogy of the process of hardening solids; 
3.5. the method of deterministic annealing extends the method of simulated 

annealing; 
3.6. Tabu search methods have the idea of imposing metaheuristics on one of 

the heuristic methods. 
The paper describes the main methods for solving the Vehicle Routing Prob-

lem, and the key features of their use. 
1. Setting Vehicle Routing Problem 
Vehicle routing [1] is referred to combinatorial problems which can be repre-

sented as a graph G (V, E):  
▪ V= v0, v1…, vv – a set of vertices, where: 
○ let a depot be located at the top v0;  

○ let V’ =  be used as a set of n cities, 

▪ A – a set of edges of graphs; A = , where vi, vj V, i  j, 
▪ C – a matrix of non-negative values or distances ci, j between customers vi 

and vj, 
▪ d – a vector of client requests, 
▪ Ri – a route of the car i, 
▪ D  C(Ri) – the total time of driving the route, 
▪ m – the number of identical vehicles. Each vehicle is assigned one route. 
Each vertex vi  V’ is associated with a certain number qi of goods to be de-

livered by road. The routing problem consists in determining a plurality of such 
routes m with minimal total cost so that each vertex of V will have one car only 
once. In addition, the route of the vehicles must start and end at the depot. 

Let  be service time (the time for unloading goods) required for the car for 
unloading qi at vi. It is necessary that the total vehicle travel time (travel time plus 
service time) does not exceed the boundaries of the D, thus, the value ci, j will be 
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the time between the towns. 
The suitable solution includes: 
– a number of routes R1, …, Rm for the set V, 
– the permutation vi from Ri 0 that determines the order of the customers on 

the route i. 
The cost of this route R = v0, v1,…,vm+1}, where vi  V and v0 = vm+1 = 0 (0 is 

indicated by the depot), is determined as follows: , 1
0 1

( )
m m

i i i i
i i

C R c δ+
= =

= +∑ ∑ . 

The route Ri is appropriate if the vehicle travels only once through each client 
and if the total time does not exceed the value D  C(Ri) set in advance. 

Finally, the cost of solving the problem is S:  
 

2. Exact Methods 
One of the most successful exact approaches for the VRP is the K-tree 

method [2] that successfully solves the problem with 71 customers. However, there 
are some cases that have not been solved yet. This method uses a novel branch and 
bound procedure in which the problem is partitioned by fixing the edge incidence 
of selected subsets of clustered customers. The side constraints are dualized to ob-
tain a Langrangian relaxation that is a minimum degree-constrained K-tree prob-
lem. The K-tree approach can be extended with the help of practical variations, 
such as asymmetric costs, time windows, and non-uniform fleets. 

The branch and bound algorithm uses a “divide and conquer” strategy. It par-
titions the search space into subproblems and then optimizes each of them indi-
vidually. Using the branch and bound, we initially examine the entire search space 
S. In the processing or bounding phase, we make the conditions of the task softer. 
Doing this, we consider the solutions that do not fall into the range of possible so-
lutions S. This relaxation yields a lower bound on the value of an optimal solution. 
If the solution to this relaxation is a member of S, or its value is equal to that of š 

, when the process is over, then either the new solution or š, respec-
tively, is optimal. 

Otherwise, we identify n from the subsets S1,…,Sn of the set S, so that  Si 

=S. Each of these subsets is called a subproblem; S1,…,Sn are sometimes called the 
descendants of S. We add the descendants of S to the list of candidate subproblems 
(those awaiting processing). This stage is called branching. To continue the algo-
rithm, we select one of the candidate subproblems and process it. There are four 
possible results: 

1) if we find a feasible solution better than š, then we replace š with the new 
solution and continue; 

2) we may also find that the subproblem has no solutions, in which case we 
reject it; 

3) otherwise, we compare the lower bound for the subproblem (the value of 
the best feasible solution) to our global bound; if it is greater or equal to our cur-
rent upper bound, then we may again reject this result; 
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4) finally, if we cannot reject the subproblem, we should dynamically organ-
ize the branching process and add the descendants of this subproblem to the list of 
candidates. When the list of candidate subproblems is empty, the current solution 
is, in fact, optimal. 

3. Heuristic methods 
1. The method of savings based on matching. 
The method of savings based on the agreement is a modification of the stan-

dard savings algorithm [3] where each iteration of the accumulation sij is obtained 
by combining routes p and q and calculated by the formula sij = t(Si) + t(Sj) – 
t(Si Sj), where Sk is a set of waypoints k, and t(Sk) is the length of the optimal path 
for solving TSP for the route Sk. 

The task of making pairs within the route Sk is solved by using the values of sij 
as compared values, the routes corresponding to optimal matching are combined; 
thus, the admissibility of the route is preserved. One of the possible variants of this 
basic algorithm is the calculation of the approximate values of t(Sk). 

2. Improving methods. 
Improving methods try to improve any valid route by reversing the vertices 

and edges within one route and among different routes. Methods for improving 
multiple routes in a single iteration try to improve some routes. Below is the de-
scription of three of these methods. 

1. The method of Thompson and Psaraftis [4] describes a general “b-cyclic, k-
transfer” scheme in which a circular permutation of b routes is considered 
and k customers from each route are shifted to the next route of the cyclic permuta-
tion.  

2. The method of Van Breedam [5] classifies the improvement operations as 
“string cross”, “string exchange”, “string relocation”, and “string mix”, which can 
be represented as special cases of bicyclical exchanges. 

3. The method of Kinderwater and Savelsbergh [6] defscribes similar opera-
tions applied mostly in the context of the VRP with time windows. 

3. The methods “Cluster first – Route second” 
These methods perform the separation of the vertex set into clusters, and then 

define a route for each cluster. 
1. The method of Fisher and Jaikumar [7] solves the generalized problem of 

assignment in the form of clusters. The number of vehicles K is fixed. The method 
can be described by the following algorithm: 

Step 1. Select the starting point of the jk from V to initialize the cluster k. 
Step 2. Calculate the value dik of the client i’s location in the cluster k. 
dijk = min{c0i +cijk + , +  +ci0} - (  + ). 
Step 3. Solve the generalized problem with assignment of fares dij, weight of 

the customer qi’s order and the vehicle Q occupancy. 
Step 4. Solve the TSP for each cluster in accordance with the decision of the 

generalized assignment problem. 
2. Sweep Algorithm [8] is applicable to the cases of planar routing problem. It 

consists of two phases: 
1) separation, when relevant clusters as a rotating ray starting at the point in 
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the depot are formed; 
2) TSP, when we get the route of travel for each cluster by solving the TSP. 
Some implementations of the algorithm contain post-optimization part where 

the nodes are exchanged between adjacent cluster nodes, and the routes are reopti-
mized. The method can be described by the following algorithm: 

Step 1. Choose the car k which is not involved. 
Step 2. Start at the top, which is not in the routes and has the smallest angle, 

add nodes to the route until the maximum length of the route is reached or the 
maximum capacity of the vehicle. If some tops are left undistributed go back to 
step 1. 

Step 3. Solve the TSP for each route. 
3. Petal Algorithm [9] is a natural extension of Sweep Algorithm and it gener-

ates multiple routes. It solves a set of sub-tasks as follows: 
min  ,  

under condition   = 1(i = a, …, n), where xk = 0 or 1 (k  
Where S is the set of routes, xk = 1 if and only if the route k is a part of the so-

lution, aik is the binary parameter and is equal to 1 only if the vertex i belongs to 
the route k, and dk is the cost of the route k. If the routes correspond to adjacent 
sectors of vertices, then this problem possesses the column circular property and 
can be solved in polynomial time. 

4. Talliard’s Algorithm [10] 
This method defines neighborhood with the help of the -interchange genera-

tion mechanism. Routes are reoptimized using optimization algorithm of Vol-
genant and Jonker. A distinguishing feature of Talliard’s algorithm is the decom-
position of the main problems into subproblems. 

In planar problems, these subproblems are obtained by initially partitioning 
vertices into sectors centered at the depot, and with concentric regions within each 
sector. Each subproblem can be solved independently, but periodical moves of ver-
tices to adjacent sectors are necessary. This becomes especially important when the 
depot is located in the center and the vertices are distributed uniformly on the 
plane. 

For non-planar problems, and for planar problems not possessing these prop-
erties, the author suggests different partitioning methods based on the computation 
of the shortest spanning arborescence rooted at the depot. The combination of these 
strategies gives excellent computational results. 

5. The method “Route first – Cluster second” 
This method in its first phase constructs a universal TSP tour, disregarding 

side constraints, and decomposes this tour into feasible vehicle routes in the second 
phase. This method was applied to the task with three vehicles. It was first put 
forward by Beasley who observed that the second phase of the problem is a stan-
dard shortest path problem on an acyclic graph and can be solved in the time equal 
to O(n2). In the shortest path algorithm, the cost of travelling between the nodes i 
and j is equal to c0i + c0j + lij, where lij is the cost of travelling from i to j on the 
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TSP tour. 
4.Metaheuristic methods 
1. Ant System Algorithm (AS). 
The first variant of this method was presented in 1997 by Bullnheimer [11], 

who considered VRP with restricted carrying capacity. 
For more complex versions of VRP, in 1992 Gambardella, Taillard and 

Agazzi [12]  developed the method of a complex ant colony system which is or-
ganized with a hierarchy of artificial ant colonies designed to successively opti-
mize a multiple objective function: the first colony minimizes the number of vehi-
cles while the second colony minimizes the travelled distances. The cooperation 
between colonies is performed by exchanging information through pheromone up-
dating. 

The AS algorithm includes the following phases. After initializing the algo-
rithm, the two basic steps construction of vehicle routes and trail update, are re-
peated for a number of iterations. Concerning the initial placement of the artificial 
ants it was found out that the number of ants should be equal to the number of cus-
tomers at the beginning of an iteration. The 2-opt-heuristic method (i.e. an explora-
tion of all the permutations obtainable by two exchanging customers) is used to 
shorten the vehicle routes generated by the artificial ants. In addition to this 
straight forward local search, candidate lists for the selection of customers are used 
in order to pursue the selection of customers chosen in the initialization phase of 
the algorithm.  

2. Constraint Programming Algorithm (CP) 
Constraint Programming [13] is a paradigm for describing and solving a wide 

variety of problems. Problems are expressed in terms of variables, domains for 
those variables and constraints between the variables. The richness of the language 
is used to express the problem and solve it with the help of CP which makes it 
ideal for VRP.  

While solving the task, complete search technique, such as depth-first search 
algorithm and branch and bound technique are used. However, for routing prob-
lems of practical size, complete search methods cannot produce solutions in a short 
and reliable time period. In this case, iterative improvement methods have proved 
very successful in this regard. Iterative improvement methods operate by changing 
small parts of the solution, for instance moving a customer from one route to an-
other. This type of operation involves retracting previous decisions and making 
new ones. In contrast to depth-first search, retraction can be done in any order, not 
simply in the opposite order the decisions were made. In general the overhead of 
implementing this type of non-chronological retraction mechanism in CP frame-
works is very high. To overcome these difficulties, the system of the CP is used to 
check the validity of decisions and determine the limiting values of the variables, 
not to search solutions. The search for solutions is implemented by other proce-
dures. 

3. The method of simulated annealing (SA) 
Simulated Annealing is a stochastic relaxation technique, which has its origin 

in statistical mechanics. It is based on the analogy from the annealing process of 
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solids. SA uses the original local search method in the following way. The solution 
S’ is accepted as the new current solution if 0, where  = f(x) – f(x1). To escape 
the search in the local optimum, the objective function value is accepted with 
probability if 0, where T is a parameter called temperature. The value of T 
varies from a relatively large value to a small value close to zero.  

At iteration t of SA, the solution x is drawn randomly from N(xi). If 
f(x) f(xi), then xi+1 is set equal to x; otherwise 

xi+1 =  
where pi is a decreasing function of t and of f(x) – f(xi). Usually pi is defined 

as . 
4. The method of deterministic annealing (DA) 
The method of deterministic annealing [14] operates in a way that is similar to 

SA, with the exception that the deterministic principle is used for the acceptance of 
a move. Two standard implementations of this technique are threshold accepting 
and the record in the waybill [15]. 

At the iteration t of a threshold accepting algorithm, the solution xi+1 is ac-
cepted if  f(xi+1) f(xi)+ 1, where 1 is the parameter controlled by the user. In the 
second method a record is the best solution x0 obtained during the search. At the 
iteration t, the solution xi+1 is accepted if f(xi+1) f(xi)+ 2, where 2 is the parameter 
controlled by the user a bit larger than 1. 

5. Genetic algorithms (GA) 
Genetic Algorithms [16] are adaptive search techniques that have recently 

been frequently used to solve optimization problems. They are based on the genetic 
processes of biological organisms: biological populations evolve over generations 
being subject to the laws of natural selection, on the principle of survival of the fit-
test individual, discovered by Charles Darwin. 

Those individuals that are most adapted to the environment, are more likely to 
reproduce posterity. Poorly adapted individuals either do not produce offspring or 
their offspring will be very few. This means that genes from highly adapted indi-
viduals will be subject to appear in the increasing number of children in each suc-
cessive generation. The combination of good characteristics from different parents 
can sometimes lead to the appearance of the child, whose fitness is greater than the 
fitness of any of its parents. Thus, the species is developing better and adapting to 
the environment better. 

Imitating this process, genetic algorithms are able to develop solutions to real 
problems if they are properly coded. They operate with a plurality of species – a 
population, each of which represents a possible solution to this problem. Each in-
dividual is assessed by the measure of its “fitness” according to the fact how 
“good” its corresponding solution is. The fittest individuals have the opportunity to 
produce the offspring with the help of “cross crossing” with other individuals of 
the population. This leads to the appearance of new species, which combine some 
characteristics inherited from their parents. The least adapted individuals are less 
likely to be able to reproduce offspring, since those properties which they pos-
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sessed, will gradually disappear from the population in the process of evolution. 
Thus, from generation to generation, good features are distributed throughout the 
population. Crossing the fittest individuals leads to the fact that the most promising 
parts of the search space are explored. As in biological evolution, in genetic algo-
rithms, the mechanism of mutations, randomly changes some individuals. Muta-
tions can explore new areas of the surface of the solution and do not allow the al-
gorithm to get stuck in local optima points. In the end, the population will con-
verge to an optimal solution. 

For solving VRP with GAs, it is usual to represent each individual by just one 
chromosome, which is a chain of integers, each of them representing a customer or 
a vehicle. So, each vehicle identifier represents in the chromosome as a separator 
between two different routes, and a string of customer identifiers represents the se-
quence of deliveries that a vehicle must cover during its route. In the Figure 1 be-
low we can see a representation of a possible solution for VRP with 10 customers 
and 4 vehicles. Each route begins and ends at the depot (it corresponds to number 
0). If we find in the solution that two vehicle identifiers are not separated by any 
customer identifier, we will understand that the route is empty and, therefore, it 
will not be necessary to use all the vehicles available. 

 
{

1 2 3 4

4 5 2 11 10 3 1 13 7 8 9 12 6
route route route route

− − − − − − − − − − − −14243 14243 14243  

Figure 1. Possible solution for VRP with 10 customers and 4 vehicles. 
 
A typical fitness function used for solving VRP with GA is  
f0val = fmax – f(x), 
where f(x) = total distance (x) + overcapacity (x) + overtime (x). 
6. Tabu search methods 
The basic concept of Tabu Search (TS) was described by Glover in 1986 [17]. 

Its main idea is a metaheuristic imposed on one of the heuristic methods. TS ex-
plores the solution space by moving at each iteration from the solution s to the best 
solution in a subset of its neighborhood N(s). Contrary to classical descent meth-
ods, the current solution may deteriorate from one iteration to the next. Thus, to 
avoid cycling, solutions possessing some attributes of recently explored solutions 
are temporarily declared tabu or forbidden. The attribute preserving the validity of 
the taboo is called its tabu-tenure and it can vary over different intervals of time. 
The tabu status can be overridden if certain conditions are met; this is called the 
aspiration criterion and it happens, for example, when a tabu solution is better than 
any previously seen solution. 

Deviation of the current trend from the overall course can become the 
beginning of improvement or, vice versa, deterioration of solution. Tabu method 
taboo acts so that the new destination is not selected accidentally. Instead TS 
operates under the assumption that the new decision has no reference to any 
agreements, except for the prohibition on the route that has already been explored. 
This ensures that the new fields of solutions will be explored, thus we avoid local 
minima and, in the end, find the desired result. 
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The initial solution is usually created with an easy heuristic method. After 
making the initial decision, an attempt is made to improve it through local search. 
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